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ABSTRACT
The rough set model was constructed in fuzzy approximation space. In this
study, we first introduce the fuzzy relation, relative sets, and fuzzy equivalence
class. Then, we prove some properties of the fuzzy equivalence class.
Thereafter, the concept of fuzzy rough set is proposed over fuzzy relation and
inverse fuzzy relation in fuzzy approximation space by means of relative sets
and fuzzy equivalence class sets, and some propositions are proved. Also, some
examples and dentitions are presented in this study.

1. Introduction
The notion of fuzzy set was introduced by the celebrated scientist L.A. Zadeh [15] in the year 1965. One of the
most important concepts for rough sets is relation. Rosenfeld in [9] deﬁned the fuzzy relation while Adabitabar
Frozja and Firouzian [1] proposed the fuzzy number valued fuzzy relation. Fuzzy approximation space is deﬁned
with fuzzy relation (see [8]). The rough set was introduced by Pawlak [7] where constructed in fuzzy approximation
space and due to its wide use, especially in decision making; it has gained the attention of numerous researchers
[10, 4, 14, 12, 3]. Yan et al. [14] introduced the concept of rough set over dual-universe sets in fuzzy approximation
space. In a study of rough set theory by Wu et al. [12], the axiomatic characterizations of approximation operators
were proposed. Tiwari et al. [11] investigate relationship among fuzzy rough sets, fuzzy closure spaces and fuzzy
topology.
Some researches such as Wang [13] have worked on type-2 fuzzy rough sets. In addition, the intuitionistic fuzzy
rough set model has been proposed by some researchers such as Liu et al. [5]. Acharjya [2] presented comparative
study of rough sets on fuzzy approximation spaces and intuitionistic fuzzy approximation spaces. In this study, a
background of fuzzy concepts is presented in Section 2. In Section 3, we introduce the fuzzy relation, relative sets
and also fuzzy equivalence relation and fuzzy equivalence class on fuzzy relation with examples. The fuzzy rough
set on fuzzy relation with some propositions and examples are presented in Section 4. Finally, the conclusions are
presented in Section 5.
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2. Background
A fuzzy subset 𝐴̃ of 𝑋 is a mapping µ𝐴 : 𝑋 → [0, 1] where µ𝐴 as assigning to each element 𝑥 ∈ 𝑋 a degree of
membership, 0 ≤ µ𝐴 (𝑥) ≤ 1.
Let 𝑋 be a set and 𝐴̃ and 𝐵̃ be fuzzy subsets of 𝑋:
(1) A fuzzy subset 𝐴̃ ⊆ 𝐵̃ if and only if µ𝐴 (𝑥) ≤ µ𝐵 (𝑥) for all 𝑥 ∈ 𝑋.
(2) A fuzzy subset 𝜙 is deﬁned as 𝜙 = {(𝑥, µ𝜙 (𝑥))| µ𝜙 (𝑥) = 0} for all 𝑥 ∈ 𝑋.
(3) 𝐴̃ ∪ 𝐵̃ = {(𝑥, µ𝐴∪𝐵 (𝑥)) | µ𝐴∪𝐵 (𝑥) = µ𝐴 (𝑥) ∨ µ𝐵 (𝑥)} for all 𝑥 ∈ 𝑋.
(4) 𝐴̃ ∩ 𝐵̃ = {(𝑥, µ𝐴∩𝐵 (𝑥)) | µ𝐴∩𝐵 (𝑥) = µ𝐴 (𝑥) ∧ µ𝐵 (𝑥)} for all 𝑥 ∈ 𝑋 .
̃×𝐵
̃ = {((𝑥, 𝑦), µ𝐴×𝐵 (𝑥, 𝑦))|µ𝐴×𝐵 (𝑥, 𝑦) = µ𝐴 (𝑥) ∧ µ𝐵 (𝑦)}.
(5) 𝐴
Here, max and min are show with ∨ and ∧ respectively.
(6) [𝐴̃]𝛼 = {𝑥 ∈ 𝑋 | µ𝐴 (𝑥) ≥ 𝛼} for all 𝛼 ∈ [0, 1].
(7) 𝑆𝑢𝑝𝑝(𝐴̃) = {𝑥 ∈ 𝑋 | µ𝐴 (𝑥) > 0}.

3. Fuzzy Relation and Relative sets
Rosenfeld [9] deﬁned the fuzzy relation, but we present fuzzy relation with some property as follows.
Definition 1. Let 𝐴̃ and 𝐵̃ be two ﬁnite and nonempty fuzzy sets. A binary fuzzy relation 𝐹(𝐴̃, 𝐵̃) is fuzzy set in
𝐴̃ × 𝐵̃. 𝐹(𝐴̃, 𝐵̃) is deﬁned as
𝐹(𝐴̃, 𝐵̃ ) = {((𝑥, 𝑦), µ𝐹 ((𝑥, 𝑦))) | µ𝐹 ((𝑥, 𝑦)) ≤ µ𝐴 (𝑥) ∧ µ𝐵 (𝑦)}

(1)

Deﬁne 𝛼-cut relation of 𝐹 as
𝐹𝛼 (𝐴̃, 𝐵̃ ) = {(𝑥, 𝑦)|µ𝐹 ((𝑥, 𝑦)) ≥ 𝛼}

If 𝐴̃1 ⊆ 𝐴̃ then fuzzy relative set is deﬁned as,
𝐹(𝐴̃1 ) = {(𝑦, µ𝐹(𝐴1 ) (𝑦)) | µ𝐹(𝐴1 ) (𝑦) = ⋁{µ𝐴1 (𝑥) ∧ µ𝐹 (𝑥, 𝑦)}
𝑥

Deﬁne 𝛼-cut fuzzy relative set of 𝐹(𝐴̃1 ) as
𝐹𝛼 (𝐴̃1 ) = {𝑦 |µ(𝐴 ) (𝑥) ∧ µ𝐹 (𝑥, 𝑦) ≥ 𝛼}
1

If 𝐴̃1 = {(𝑥, 𝜇𝐴 (𝑥))} then we show fuzzy relative set by 𝐹(𝑥) where
𝐹(𝐴̃1 ) = {(𝑦, µ𝐹(𝑥) (𝑦))| µ𝐹(𝑥) (𝑦) = µ𝐹 (𝑥, 𝑦)} = 𝐹(𝑥) , 𝐹𝛼 (𝐴̃1 ) = {𝑦|µ𝐹 (𝑥, 𝑦) ≥ 𝛼} = 𝐹𝛼 (𝑥).

Also, 𝐹́ , the inverse relation of 𝐹 is deﬁned as
́ (𝐴̃, 𝐵̃ ) = {((𝑦, 𝑥), 𝜇𝐹́ (𝑦, 𝑥))|𝜇𝐹́ (𝑦, 𝑥) = µ𝐹 (𝑥, 𝑦)},
𝐹

(2)

If 𝐵̃1 ⊆ 𝐵̃, then fuzzy inverse relative set,
𝐹(𝐵̃1 ) = {(𝑥, 𝜇𝐹́ (𝐵1) (𝑥))𝜇𝐹́ (𝐵1) (𝑥) = ⋁𝑦 {µ𝐵1 (𝑦) ∧ µ𝐹 (𝑥, 𝑦)}.

If 𝐵̃1 = {(𝑦, 𝜇𝐵 (𝑦))} then we show fuzzy inverse relative set by 𝐹́ (𝑦) where:
𝐹́ (𝑦) = {(𝑥, µ𝐹́ (𝑦) (𝑥))| µ𝐹́(𝑦) (𝑥) = µ𝐹 (𝑥, 𝑦)}.

1.
Let
𝐴̃ = {(𝑎1 , 0.1), (𝑎2 , 1), (𝑎3 , 0.4), (𝑎4 , 0.9)}
and 𝐵̃ = {(𝑏1 , 0.6), (𝑏2 , 0.7), (𝑏3 , 1)}
̃
̃
𝐴1 = {(𝑎2 , 0.6), (𝑎3 , 0.4)} and 𝐵1 = {(𝑏2 , 0.7)} then
𝐴̃ × 𝐵̃ = {((𝑎1 , 𝑏1 ), 0.1), ((𝑎1 , 𝑏2 ), 0.1), ((𝑎1 , 𝑏3 ), 0.1), ((𝑎2 , 𝑏1 ), 0.6), ((𝑎2 , 𝑏2 ), 0.7), ((𝑎2 , 𝑏3 ), 1),
((𝑎3 , 𝑏1 ), 0.4), ((𝑎3 , 𝑏2 ), 0.4), ((𝑎3 , 𝑏3 ), 0.4), ((𝑎4 , 𝑏1 ), 0.6), ((𝑎4 , 𝑏2 ), 0.7), ((𝑎4 , 𝑏3 ), 0.9)}.
Example

If
𝐹(𝐴̃, 𝐵̃ ) = {((𝑎1 , 𝑏1 ), 0.1), ((𝑎2 , 𝑏1 ), 0.4), ((𝑎2 , 𝑏3 ), 0.8), ((𝑎3 , 𝑏2 ), 0.4), ((𝑎3 , 𝑏3 ), 0.2), ((𝑎4 , 𝑏1 ), 0.5), ((𝑎4 , 𝑏2 ), 0.4),

and
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((𝑎4 , 𝑏3 ), 0.9)}, then
𝐹0.6 (𝐴̃, 𝐵̃ ) = {(𝑎2 , 𝑏3 ), (𝑎4 , 𝑏3 )},
𝐹0.5 (𝐴̃, 𝐵̃ ) = {(𝑎2 , 𝑏3 ), (𝑎4 , 𝑏1 ), (𝑎4 , 𝑏3 )},
̃
𝐹0.5 (𝐴1 ) = {𝑏3 }, 𝐹́ (𝐵̃1 ) = {(𝑎3 , 0.4), (𝑎4 , 0.4)}.

𝐹(𝐴̃1 ) = {(𝑏1 , 0.4), (𝑏2 , 0.4), (𝑏3 , 0.6)},

Mordeson [6] proposed the reﬂexive, symmetric and transitive of fuzzy relation. Following deﬁnition is a
generalization of above deﬁnition. We discuss the diﬀerence of two deﬁnitions.
Definition 2. If 𝐴̃ is fuzzy set then fuzzy relation 𝐹(𝐴̃, 𝐴̃) deﬁne as
𝐹(𝐴̃, 𝐴̃) = {((𝑥, 𝑦), µ𝐹 ((𝑥, 𝑦))) | µ𝐹 ((𝑥, 𝑦)) ≤ µ𝐴 (𝑥) ∧ µ𝐴 (𝑦)}
(3)
(1) If ∀ 𝑥; (0 < µ𝐹 ((𝑥, 𝑥)) < µ𝐴 (𝑥)) µ𝐹 ((𝑥, 𝑥)) = µ𝐴 (𝑥) then 𝐹 is (week reﬂexive) reﬂexive.
(2) If ∀ 𝑥, 𝑦; (µ𝐹 ((𝑥, 𝑦)) > 0, µ𝐹 ((𝑦, 𝑥)) > 0) µ𝐹 ((𝑥, 𝑦)) = µ𝐹 ((𝑦, 𝑥)) = µ𝐴 (𝑥) ∧ µ𝐴 (y) then 𝐹 is (week symmetric)

symmetric.
(3) If ∀ 𝑥, 𝑦, 𝑧; (µ𝐹 ((𝑥, 𝑦)) > 0, µ𝐹 ((𝑦, 𝑧)) > 0 ⇒ 0 < µ𝐹 ((𝑥, 𝑧)) ≤ µ𝐹 ((𝑥, 𝑦)) ∧ µ𝐹 ((𝑦, 𝑧))) , µ𝐹 ((𝑥, 𝑧)) = µ𝐹 ((𝑥, 𝑦)) ∧
µ𝐹 ((y, z)) = µ𝐴 (x) ∧ µ𝐴 (y) ∧ µ𝐴 (z) then 𝐹 is (week transitive) transitive.
Definition 3. Fuzzy relation 𝐹 on 𝐴̃ which (week reﬂexive, week symmetric and week transitive) reﬂexive,
symmetric and transitive is called a (week fuzzy equivalence relation) fuzzy equivalence relation on 𝐴̃. We deﬁne
fuzzy equivalence (week fuzzy equivalence) class respect to 𝐹 as follows:
[𝑥̃]𝐹 = {(𝑦, µ[𝑥]𝐹 (𝑦))|µ[𝑥]𝐹 (𝑦) = µ𝐹 ((𝑦, 𝑦)), 𝑤ℎ𝑒𝑟𝑒 µ𝐹 ((𝑦, 𝑦)) ≤ µ𝐹 ((𝑦, 𝑥)) ∧ µ𝐹 ((𝑥, 𝑦))}.

Proposition 1. If 𝐹 is a fuzzy equivalence relation as crisp case [𝑥̃]𝐹 = 𝐹(𝑥).
Proof. It is clear from Deﬁnitions 1 and 3.
Proposition 2. If [𝑥̃]𝐹 ∩ [𝑦̃]𝐹 ≠ ∅ then [𝑥̃]𝐹 = [𝑦̃]𝐹 .
Proof. We consider two cases.
Case 1. 𝐹 is a fuzzy equivalence relation then 𝐹(𝑥) = [𝑥̃]𝐹 = {(𝑡, µ[𝑥]𝐹 (𝑡))|µ[𝑥]𝐹 (𝑡) = µ𝐹 ((𝑡, 𝑥))} If [𝑥̃]𝐹 ∩ [𝑦̃]𝐹 ≠ ∅
then ∃𝑡 ∶ µ[𝑥]𝐹 (𝑡) > 0, µ[𝑦]𝐹 (𝑡) > 0. But, µ[𝑥]𝐹 (𝑡) = µ𝐹 ((𝑡, 𝑥)) = µ𝐹 ((𝑥, 𝑡)) = µ𝐹 ((𝑡, 𝑡))} and µ[𝑦]𝐹 (𝑡) = µ𝐹 ((𝑡, 𝑦)) =
µ𝐹 ((𝑦, 𝑡)) = µ𝐹 ((𝑡, 𝑡))}. Hence µ[𝑥]𝐹 (𝑡) = µ[𝑦]𝐹 (𝑡) therefor [𝑥̃]𝐹 = [𝑦̃]𝐹 .
Case 2. 𝐹 is a week fuzzy equivalence relation then [𝑥̃]𝐹 = {(𝑡, µ[𝑥]𝐹 (𝑡))|µ[𝑥]𝐹 (𝑡) = µ𝐹 ((𝑡, 𝑡), where µ𝐹 ((𝑡, 𝑡)) ≤
µ𝐹 ((𝑡, 𝑥)) ∧ µ𝐹 ((𝑥, 𝑡))}.
If [𝑥̃]𝐹 ∩ [𝑦̃]𝐹 ≠ ∅ then ∃𝑡 ∶ µ[𝑥]𝐹 (𝑡) > 0, µ[𝑦]𝐹 (𝑡) > 0. But, µ[𝑥]𝐹 (𝑡) = µ𝐹 ((𝑡, 𝑡)), µ𝐹 ((𝑡, 𝑡)) ≤ µ𝐹 ((𝑡, 𝑥)) ∧
µ𝐹 ((𝑥, 𝑡))} and µ[𝑦]𝐹 (𝑡) = µ𝐹 ((𝑡, 𝑡)), µ𝐹 ((𝑡, 𝑡)) ≤ µ𝐹 ((𝑡, 𝑦)) ∧ µ𝐹 ((𝑦, 𝑡))}, and hence µ[𝑥]𝐹 (𝑡) = µ[𝑦]𝐹 (𝑡). Therefor
[𝑥̃]𝐹 = [𝑦̃]𝐹 .
Proposition 3. 𝑠𝑢𝑝𝑝(⋃𝑥 [𝑥̃]𝐹 ) = 𝑠𝑢𝑝𝑝(𝐴̃).
Proof. 𝑡 ∈ 𝑠𝑢𝑝𝑝(⋃𝑥 [𝑥̃]𝐹 ) ↦ ∃𝑥 ∶ µ[𝑥] (𝑡) > 0. If 𝐹 is a week fuzzy equivalence relation then µ[𝑥] (𝑡) = µ𝐹 (𝑡, 𝑡) ≤
µ𝐴 (𝑡) hence µ𝐴 (𝑡) > 0 therefor 𝑡 ∈ 𝑠𝑢𝑝𝑝(𝐴̃) and 𝑠𝑢𝑝𝑝(⋃𝑥 [𝑥̃]𝐹 ) ⊆ 𝑠𝑢𝑝𝑝(𝐴̃). If 𝐹 is a fuzzy equivalence relation
then µ[𝑥] (𝑡) = µ𝐹 (𝑡, 𝑥) = µ𝐴 (𝑡) ∧ µ𝐴 (𝑥) henceµ𝐴 (𝑡) > 0 therefor 𝑡 ∈ 𝑠𝑢𝑝𝑝(𝐴̃) and 𝑠𝑢𝑝𝑝(⋃𝑥 [𝑥̃]𝐹 ) ⊆ 𝑠𝑢𝑝𝑝(𝐴̃). Vice
versa, 𝑡 ∈ 𝑠𝑢𝑝𝑝(𝐴̃) then ∃𝑥 ∶ µ[𝑥] (𝑡) > 0 ↦ 𝑡 ∈ 𝑠𝑢𝑝𝑝(⋃𝑥 [𝑥̃]𝐹 ) hence 𝑠𝑢𝑝𝑝 (𝐴̃) ⊆ 𝑠𝑢𝑝𝑝(⋃𝑥 [𝑥̃]𝐹 ). So proof is
compleat.
Example 2. Let 𝐴̃ = {(𝑎1 , 0.1), (𝑎2 , 1), (𝑎3 , 0.4), (𝑎4 , 0.9)} and 𝐹(𝐴̃, 𝐴̃) = {((𝑎1 , 𝑎1 ), 0.1), ((𝑎1 , 𝑎3 ), 0.1), ((𝑎2 , 𝑎2 ), 1),
((𝑎2 , 𝑎4 ), 0.9), ((𝑎3 , 𝑎1 ), 0.1), ((𝑎3 , 𝑎3 ), 0.4), ((𝑎4 , 𝑎2 ), 0.9), ((𝑎4 , 𝑎4 ), 0.9)}. 𝐹 is reﬂexive, symmetric and transitive,
therefore called a fuzzy equivalence relation on 𝐴̃. [𝑎̃1 ]𝐹 = {(𝑎1 , 0.1), (𝑎3 , 0.1)} and [𝑎̃2 ]𝐹 = {(𝑎2 , 1), (𝑎4 , 0.9)}.
Example 3. Let 𝐴̃ = {(𝑎1 , 0.1), (𝑎2 , 1), (𝑎3 , 0.4), (𝑎4 , 0.9)} and (𝐴̃, 𝐴̃) = {((𝑎1 , 𝑎1 ), 0.1), ((𝑎1 , 𝑎3 ), 0.1), ((𝑎2 , 𝑎2 ), 0.6),
((𝑎2 , 𝑎4), 0.4), ((𝑎3 , 𝑎1 ), 0.1), ((𝑎3 , 𝑎3 ), 0.2), ((𝑎4 , 𝑎2 ), 0.5), ((𝑎4 , 𝑎4 ), 0.3)} . 𝐹 is week reﬂexive, week symmetric and
week transitive, therefore called a week fuzzy equivalence relation on 𝐴̃. [𝑎̃1 ]𝐹 = {(𝑎1 , 0.1), (𝑎3 , 0.1)} and [𝑎̃2 ]𝐹 =
{(𝑎2 , 0.6), (𝑎4 , 0.3)}.
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4. Fuzzy Rough set on Fuzzy Relation
Yan et al. [14] introduced rough set over dual-universe sets in fuzzy approximation space but, we introduce a
new deﬁnition of rough set by using membership function.
̃ and 𝑉̃ be the fuzzy universe of discourse. Assume 𝐹(𝑈
̃, 𝑉̃ ) is fuzzy relation and 𝐹́ (𝑉̃ , 𝑈
̃) is the
Definition 4. Let 𝑈
̃
̃
̃
inverse fuzzy relation. For ∀ 𝑌 ⊆ 𝑉, the lower and upper approximation of 𝑌 with respect to 𝐹 are deﬁne as
𝐹́ 𝑌̃ = {(𝑥, µ𝐹́𝑌 (𝑥))|µ𝐹́𝑌 (𝑥) = µ𝐹 ((𝑥, 𝑦)), µ𝑌 (𝑦) > 0, µ𝐹 ((𝑥, 𝑦)) ≤ µ𝑌 (𝑦)}
𝐹́ 𝑌̃ = {(𝑥, µ𝐹́𝑌 (𝑥)) |µ𝐹́𝑌 (𝑥) = µ𝐹 ((𝑥, 𝑦)), µ𝐹 ((𝑥, 𝑦)) > 0, µ𝑌 (𝑦) > 0} .

(4)

Or
𝐹́ 𝑌̃ = ∪ {𝐹́ (𝑦)|µ𝐹 ((𝑥, 𝑦)) ≤ µ𝑌 (𝑦), µ𝑌 (𝑦) > 0}
𝐹́ 𝑌̃ = ∪ {𝐹́ (𝑦)|µ𝐹 ((𝑥, 𝑦)) > 0, µ𝑌 (𝑦) > 0}

(5)

where 𝐹́ (𝑦) is fuzzy inverse relative set.
̃, the lower and upper approximation of 𝑋̃ with respect to 𝐹 are deﬁne as
For ∀ 𝑋̃ ⊆ 𝑈
𝐹 𝑋̃ = {(𝑦, µ𝐹𝑋 (𝑦))|µ𝐹𝑋 (𝑦) = µ𝐹 ((𝑥, 𝑦)), µ𝑋 (𝑥) > 0, µ𝐹 ((𝑥, 𝑦)) ≤ µ𝑋 (𝑥)}
𝐹 𝑋̃ = {(𝑦, µ𝐹𝑋 (𝑦))|µ𝐹𝑋 (𝑦) = µ𝐹 ((𝑥, 𝑦)), µ𝐹 ((𝑥, 𝑦)) > 0, µ𝑋 (𝑥) > 0}

(6)

Or
𝐹 𝑋̃ = ∪ {𝐹(𝑥)|µ𝐹 ((𝑥, 𝑦)) ≤ µ𝑋 (𝑥), µ𝑋 (𝑥) > 0}
𝐹 𝑋̃ = ∪ {𝐹(𝑥)|µ ((𝑥, 𝑦)) > 0, µ (𝑥) > 0}
𝐹

(7)

𝑋

where 𝐹(𝑥) is fuzzy relative set.
̃ and V
̃ be the fuzzy universe of discourse. Assume F(U
̃, V
̃) is fuzzy relation and F́(V
̃, U
̃ ) is
Proposition 4. Let U
̃
̃
̃
̃
inverse fuzzy relation. For ∀ Y ⊆ V and ∀ X ⊆ U,
̃ then F́ ̃
(1) If ̃
Y⊆V
Y ⊆ F́̃
Y,
̃
̃
̃
̃,
(2) If X ⊆ U then F X ⊆ FX
̃1 ⊆ Y
̃2 then F́ Y
̃1 ⊆ F́ Y
̃2 and F́ Y
̃1 ⊆ F́Y
̃1 ,
(3) If Y
̃
̃
̃
̃
̃
̃2.
(4) If X1 ⊆ X 2 then FX1 ⊆ FX 2 and FX1 ⊆ FX
Proof. Regarding to (5) and (7) properties of (1) and (2) are evident. For property of (3), 𝑌̃1 ⊆ 𝑌̃2 then
µ𝑌1 (𝑦) ≤ µ𝑌2 (𝑦) therefor
𝐹́ 𝑌̃1 = ∪ { 𝐹́ (𝑦)|µ𝐹 ((𝑥, 𝑦)) ≤ µ𝑌1 (𝑦), µ𝑌1 (𝑦) > 0}
⊆ ∪ {𝐹́ (𝑦)|µ𝐹 ((𝑥, 𝑦)) ≤ µ𝑌2 (𝑦), µ𝑌2 (𝑦) > 0} = 𝐹́ 𝑌̃2 .
𝐹́ 𝑌̃1 = ∪ {𝐹́ (𝑦)|µ𝐹 ((𝑥, 𝑦)) > 0, µ𝑌1 (𝑦) > 0}
⊆ ∪ {𝐹́ (𝑦)|µ𝐹 ((𝑥, 𝑦)) > 0, µ𝑌2 (𝑦) > 0} = 𝐹́ 𝑌̃2 .
̃
̃
For property of (4), 𝑋1 ⊆ 𝑋2 then µ𝑋1 (𝑥) ≤ µ𝑋2 (𝑥) therefor
𝐹𝑋̃1 = ∪ {𝐹(𝑥)|µ𝐹 ((𝑥, 𝑦)) ≤ µ𝑋1 (𝑥), µ𝑋1 (𝑦) > 0}
⊆ ∪ {𝐹(𝑥)|µ ((𝑥, 𝑦)) ≤ µ𝑋 (𝑥), µ𝑋 (𝑥) > 0} = 𝐹𝑋̃2 .
𝐹

2

2

𝐹𝑋̃1 = ∪ {𝐹(𝑥)|µ𝐹 ((𝑥, 𝑦)) > 0, µ𝑋1 (𝑥) > 0}
⊆ ∪ {𝐹(𝑥)|µ𝐹 ((𝑥, 𝑦)) > 0, µ𝑋2 (𝑥) > 0} = 𝐹𝑋̃2 .
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̃ be the fuzzy universe of discourse. Assume 𝐹 is fuzzy relation on 𝑈
̃. For ∀ 𝑋̃ ⊆ 𝑈
̃, the lower and
Definition 4. Let 𝑈
̃
upper approximation of 𝑋 with respect to 𝐹 are deﬁne as
𝐹 𝑋̃ = {(𝑦, µ𝐹𝑋 (𝑦))|µ𝐹𝑋 (𝑦) = µ𝐹 ((𝑥, 𝑦)), µ𝑋 (𝑥) > 0, µ𝐹 ((𝑥, 𝑦)) ≤ µ𝑋 (𝑥)}
𝐹 𝑋̃ = {(𝑦, µ𝐹𝑋 (𝑦))|µ𝐹𝑋 (𝑦) = µ𝐹 ((𝑥, 𝑦)), µ𝐹 ((𝑥, 𝑦)) > 0, µ𝑋 (𝑥) > 0}

(8)

Or
𝐹 𝑋̃ = ∪ {𝐹(𝑥)|µ𝐹 ((𝑥, 𝑦)) ≤ µ𝑋 (𝑥), µ𝑋 (𝑥) > 0} = ∪ { [𝑥̃]𝐹 |[𝑥̃]𝐹 ⊆ 𝑋̃}
𝐹 𝑋̃ = ∪ {𝐹(𝑥)|µ ((𝑥, 𝑦)) > 0, µ (𝑥) > 0} = ∪ { [𝑥̃]𝐹 |[𝑥̃]𝐹 ∩ 𝑋̃ ≠ ∅}
𝐹

(9)

𝑋

Example 4. Let 𝑈̃ = {(𝑎1 , 0.1), (𝑎2 , 1), (𝑎3 , 0.4), (𝑎4 , 0.9), (𝑎5 , 0.3), (𝑎6 , 1), (𝑎7 , 0.8), (𝑎8 , 0.5)} and 𝐹 be the fuzzy
̃.
relation on 𝑈

̃, 𝑈
̃) = {((𝑎1 , 𝑎1 ), 0.1), ((𝑎1 , 𝑎7 ), 0.1), ((𝑎2 , 𝑎2 ), 0.8), ((𝑎2 , 𝑎5 ), 0.3), ((𝑎2 , 𝑎8 ), 0.4), ((𝑎3 , 𝑎3 ), 0.3)
𝐹(𝑈
((𝑎4 , 𝑎4 ), 0.8), ((𝑎4 , 𝑎6 ), 0.8), ((𝑎5 , 𝑎2 ), 0.2), ((𝑎5 , 𝑎5 ), 0.2), ((𝑎5 , 𝑎8 ), 0.2), ((𝑎6 , 𝑎4 ), 0.8),
((𝑎6 , 𝑎6 ), 1), ((𝑎7 , 𝑎1 ), 0.1), ((𝑎7 , 𝑎7 ), 0.7), ((𝑎8 , 𝑎2 ), 0.4), ((𝑎8 , 𝑎5 ), 0.3), ((𝑎8 , 𝑎8 ), 0.4)}
𝐹 is week reﬂexive, week symmetric and week transitive, therefore called a week fuzzy equivalence relation on 𝐴̃.
[𝑎̃1 ]𝐹 = {(𝑎1 , 0.1), (𝑎7 , 0.1)},[𝑎̃2 ]𝐹 = {(𝑎2 , 0.8), (𝑎5 , 0.2), (𝑎8 , 0.4)}. [𝑎̃3 ]𝐹 = {(𝑎3 , 0.3)}, [𝑎̃4 ]𝐹 = {(𝑎4 , 0.8), (𝑎6 , 0.8)}.
If 𝐴̃ = {(𝑎1 , 0.1), (𝑎2 , 0.6), (𝑎3 , 0.3), (𝑎7 , 0.1)}, then
𝐹 𝐴̃ = [𝑎̃1 ]𝐹 ∪ [𝑎̃3 ]𝐹 = {(𝑎1 , 0.1), (𝑎3 , 0.3), (𝑎7 , 0.1)}
𝐹 𝐴̃ = [𝑎̃1 ]𝐹 ∪ [𝑎̃2 ]𝐹 ∪ [𝑎̃3 ]𝐹 = {(𝑎1 , 0.1), (𝑎2 , 0.8), (𝑎3 , 0.3), (𝑎5 , 0.2)(𝑎7 , 0.1), (𝑎8 , 0.4)}.

5. Conclusions
In this study, another type of model was developed for the evaluation of rough sets in fuzzy approximation
space with fuzzy relation, using relative sets and membership function. Also, in this study, various properties of
fuzzy relation, such as reﬂexive (week reﬂexive), symmetric (week symmetric) and transitive (week transitive),
were proposed and thereafter, the fuzzy equivalence relation (week fuzzy equivalence relation) with fuzzy
equivalence class was presented.
Conflict of interest: The authors declare that they have no known competing financial interests or personal
relationships that could have appeared to influence the work reported in this paper.
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